Starting from this expression, we first calculate the upper bound for r 11 as a function of r 00 for a fully separable state with k = 1 (21) . The bound, which is tight, is shown as the solid thick blue line in Fig. 4 . Any state corresponding to a point outside the blue shaded region necessarily contains at least two-particle entanglement. The calculation can be extended to larger k, and the green lines show the bounds for k = 8, 12, and 16. The experimental state with the highest fidelity of 0.42 lies~1 SD above the k = 12 curve, indicating that it contains at least 13 entangled atoms.
In our present setup, fidelity is limited by decoherence due to differential light shifts in the dipole trap (21) and a probability of~0.2 for spontaneous emission from j1〉 during the QND detection. For large atom numbers, spontaneous emission from j0〉 will eventually become dominant. Simulations show that, with state-of-the-art optical cavities, the entanglement process can be scaled up to ensembles with N > 10 4 . Because our method relies only on coherent evolution and collective QND measurement, it can be adapted to many systems and, in particular, to other forms of cavity quantum electrodynamics, including addressable qubits such as ions in optical cavities (31) or superconducting qubits in microwave cavities (32) , as long as they are indistinguishable by cavity measurement. Furthermore, by including multiple rotations and QND detection intervals, or by combining it with other entanglement schemes such as cavity-induced spin squeezing (6), our scheme can be extended to a large range of entangled states. In combination with the inherent single-particle resolution, this makes it possible to investigate the fundamental limits of metrologically relevant forms of entanglement and could considerably enhance the precision of interferometric devices based on quantum metrology. In addition, our method is well suited to investigate quantum Zeno dynamics (33) , where permanent QND observation of a degenerate eigenvalue limits the coherent evolution of the system to a given subspace, enabling preparation of a large variety of entangled states (34) . The formation of stars shapes the structure and evolution of entire galaxies. The rate and efficiency of this process are affected substantially by the density structure of the individual molecular clouds in which stars form. The most fundamental measure of this structure is the probability density function of volume densities (r-PDF), which determines the star formation rates predicted with analytical models. This function has remained unconstrained by observations. We have developed an approach to quantify r-PDFs and establish their relation to star formation. The r-PDFs instigate a density threshold of star formation and allow us to quantify the star formation efficiency above it. The r-PDFs provide new constraints for star formation theories and correctly predict several key properties of the star-forming interstellar medium.
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T he formation of stars is an indivisible component of our current picture of galaxy evolution. It also represents the first step in defining where new planetary systems can form. The physics of how the interstellar medium (ISM) is converted into stars is strongly affected by the density structure of individual molecular clouds (1) . This structure directly affects the star-formation rates (SFRs) and efficiencies (SFEs) predicted by analytic models (2) (3) (4) (5) . Inferring this structure observationally is challenging because observations only probe projected column densities. Hence, the key parameters of star-formation models remain unconstrained.
Here, we present a technique that allows us to quantify the grounding measure of the molecular cloud density structure: the probability density function of their volume density (r-PDF).
The SFRs of molecular clouds are estimated in analytic theories from the amount of gas in the clouds above a critical density, r crit (2-5)
where s = ln(r/r 0 ) is the logarithmic, meannormalized density, and s crit = ln(r crit /r 0 ). We use the number density, n ¼ r=mm p , where m is the mean molecular mass and m p is the proton mass, as the measure of density. The parameter e core in Eq. 1 is the core-to-star efficiency, giving the fraction of gas above s crit that collapses into a star. The t ff (r) is the free-fall time of pressureless gas that approximates the star-formation time scale, and f is the ratio of the free-fall time to the actual starformation time scale. The critical density, commonly referred to as the (volume) density threshold of star formation, indicates that stars form only above that density. Generally, the critical density depends on gas properties (2-5), but theoretical considerations suggest that it could be relatively constant under typical molecular cloud conditions (5).
The decisive density structure of molecular clouds is encapsulated in the function p(s) describing the probability of a volume dV to have a log density between [s, s + ds]-the r-PDF. In current understanding, the r-PDF is determined by supersonic turbulence that induces a log-normal r-PDF (6-9):
where m and s s are the mean and width, respectively. The r-PDF width is linked to the turbulent gas properties through s
(10), where M s (sonic Mach number) is a measure of the turbulence energy, b is a parameter related to the turbulence driving mechanism (9), and b is the ratio of thermal to magnetic pressures.
Despite their decisive role for star formation, the r-PDF function and the critical density are not observationally well-constrained. Instead, studies have measured their two-dimensional (2D) counterparts: the column density PDFs (11, 12) and the column density threshold of star formation (13, 14) . We must, however, accept that these cannot be used in the theories based on Eq. 1 because of the nontrivial transformation between the volume and column densities (15, 16) . An analytic technique to estimate r-PDFs from column densities exists (16) but is not widely applied because of its stringent requirements for the isotropy of the data. A technique exploiting molecular line observations also exists (17) , but it samples the r-PDF sparsely, hampering the determination of its shape. To overcome the problem, some studies have derived SFRs using the mean densities of the clouds instead (18) . Even though reasonably successful in predicting SFRs, the approach does not connect the processes shaping the ISM to SFRs as directly as do the theories using Eq. 1. Consequently, exactly how those processes control star formation remains unknown.
To make progress, we developed an approach to estimate the r-PDF functions and the critical density from column density data (19) . We represent the data as a set of hierarchical, 3D structures. First, we decompose the column density maps with wavelet filtering so as to describe the structure at different spatial scales. Then, substantial structures are identified at the different scales, and their 3D geometries are modeled with prolate spheroids. We chose this shape based on tests against numerical simulations (19) . It allows modeling of both elongated, filament-like structures that are common in molecular clouds, and near-spherical shapes that represent smallscale, clumpy structures. The inclination angles of the spheroids are not known and are assumed to be zero. This leads to a high uncertainty in the densities of individual structures, but we show that when averaged over numerous structures, the r-PDF is reconstructed reasonably well (supplementary text). The masses of the structures are calculated from the column densities at their respective scales. Last, the hierarchical cloud structure is modeled by placing the overlapping structures inside each other's, allowing modeling of complicated, asymmetric structures. The volumes (dV) and masses-and hence densities (dr)-of all structures are known, which yields the r-PDF.
We tested the technique with 14 numerical simulations of magneto-hydrodynamic, self-gravitating turbulence (19, 20) . The r-PDFs are reasonably well recovered under various physical conditions (figs. S5 to S10) (19) . The important r-PDF parameters, the mean and width, have about 10 and 20% uncertainty, respectively (supplementary text).
With this technique in hand, we derived rPDFs for molecular clouds. As observational data, we used column density maps derived from dust extinction mapping (11) . We derived r-PDFs for 16 molecular clouds closer than 260 pc ( Fig. 1 and figs. S1 to S3 ). The derived r-PDFs probe the range of volume densities from 80 to 5 × 10 4 cm −3 . The sensitivity of our technique decreases above~3 × 10 4 cm −3 because the extinction maps cover a limited dynamic range of column densities (19) . The r-PDFs closely follow log-normal functions, as predicted with turbulence theory (Eq. 2), and their widths vary between s s = [1.2, 2.0] (table S1).
Having quantified the r-PDFs, we can establish the relationship between the clouds' density structure and their star-formation activity. As a measure of this activity, we adopted the number of young stellar objects, N YSO , in the clouds (19) . This number was used to estimate the mean star-
where A is the cloud area, 2 million years (My) is the star-formation time scale (13, 14, 21) , and <M> = 0.5 M ⊙ is the mean stellar mass. We show that the r-PDF widths correlate with S SFR (Fig. 2A) . This correlation invokes two possible interpretations. One is that the clouds' density structures evolve with time, characterized by the widening of their r-PDFs and consequent increase of S SFR . Another interpretation is that the initial conditions of cloud formation set the clouds' density structures, which then control the S SFR . Distinguishing between these scenarios with the available observational data is difficult (supplementary text).
Once we had quantified the r-PDFs and assessed their relation to star formation, we could estimate the critical density of star formation. Our sample includes three clouds on the verge of star formation; they have either formed only one star, or no stars at all. The mean of the highest log densities probed by the r-PDFs of these clouds is s = 4.2 T 0.3, which corresponds to a volume density of (5 T 2) × 10 3 cm −3 (19) . This threshold does not depend strongly on the spatial resolution of the data we used (19) . We interpreted these values as the critical densities in the clouds of our sample, noting that cloud-to-cloud variations may exist (5) . Previously, the critical volume density based on analyses of observed column densities has been suggested to be~10 4 The r-PDFs and critical density allow us to infer the SFE of star-forming gas. Following 
A B
Eq. 1, only the gas above s crit participates in star formation. The mass of the star-forming gas is
pðsÞds (table S1 ). The SFE of the gas above s crit (referred to as dense gas) is SFEðdense gasÞ ¼
yielding the average of 16 þ20 −9 % for our sample. The SFE(dense gas) is independent of the fraction of star-forming gas in the clouds (Fig. 2B) , indicating that it is independent of the density structure of the clouds' lower-density regions (supplementary text).
The SFE(dense gas) we derive using volume densities is somewhat higher than an estimate based on column densities. We estimated the efficiencies also from the column densities, using N = 6.3 × 10 21 cm −2 as the critical value (13). This yielded a mean efficiency of 6 þ11 −4 %. The masses of star-forming gas estimated from volume densities are lower than those estimated from column densities, yielding higher SFEs. This difference results from the fact that when measured from column densities, M sf contains a contribution from a diffuse envelope that surrounds the dense (starforming) gas. Our volume density technique removes this component. In addition, when estimated from column densities the SFE correlates with the dense gas mass fraction (Fig. 2B) . This correlation is likely artificial; the relative contribution of the envelopes to the M sf is larger when the dense gas fraction is lower.
The constraints we derived for the r-PDF, critical density, and SFE provide insight to the mass range of star-forming molecular clouds. Suppose the lowest possible mass of a star is given by the hydrogen-burning limit, 0.08 M ⊙ . A simplistic calculation suggests that a minimum mass for a maternal molecular cloud to form a star is then on the order of 30 M ⊙ (19) . This coincides with the mass range (5 to 50 M ⊙ ) of the smallest known star-forming molecular clouds, globules (23) .
We similarly estimated the mass of a cloud likely to form high-mass (>20 M ⊙ ) stars. The mass required for a natal molecular cloud to have a 95% probability to form a high-mass star is ∼7 þ14 −5 Â 10 4 M ⊙ (19) . This is in agreement with the fact that from the solar neighborhood clouds, only Orion A, whose mass is 10 5 M ⊙ (11), is forming high-mass stars. For only a 50% probability to form a high-mass star, the same calculation yields a cloud mass of 1:5
The r-PDFs can also help us to understand star formation on scales larger than individual molecular clouds. Our sample represents almost all molecular gas closer than 260 pc. The total r-PDF of the sample ( fig. S4) indicates that 2.5% of this gas is above the star formation threshold. If we hypothesize that the total r-PDF is close to the average r-PDF of the Milky Way gas, a SFR of~3 M ⊙ /year follows for the Milky Way (19) . This agrees with other SFR estimates for the Milky Way (24) (25) (26) . It is difficult to estimate how close the r-PDF of our sample is to the galactic mean; the galactic r-PDF is not generally known. Some works suggest that the turbulence properties are universal (27) and that the mean surface densities of gas do not depend strongly on the galactic environment (28) . This implies that the r-PDF of molecular gas may not vary much in general. Some observations have indicated that the r-PDFs of massive clouds may substantially differ from the local clouds (29) . However, it is not known how representative such clouds are, or what the relationship is between density and star formation in them. Albeit simplistic, our estimate of the Milky Way SFR lays out the possibility that the SFRs of entire galaxies are imprinted on their r-PDFs when averaged over scales of hundreds of parsecs.
With our approach to estimate molecular cloud r-PDFs, we were able to derive fundamental quantities that characterize star formation. The results provide an observationally established basis for predicting SFRs of molecular clouds, and they may also lead to a better understanding of the SFRs of entire galaxies. on publicly available data from the 2 Micron All Sky Survey (http://irsa.ipac.caltech.edu/Missions/2mass.html). 
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